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Abstract

This paperpresentsa computationallyef cient algorithmfor solvingthe
following well known die problem: Considera “crazy die” to be a die with
n faceswhereeachfacehassome“cost”. Costsneednotbe sequentialThe
problemis to determinethe exact probability that the sumof costsfrom U
throws of thisdieis, T,T 2 R. Ourapproachuses'slice” volumecompu-
tationin U-dimensionakpace Detailedalgorithms,compleity analysisand
comparisorwith traditionalgeneratingunctionsapproactarepresented.

1 Intr oduction

We presenia computationallyef cient solutionto a straightforvard, but in-
tractablecombinatorialproblem. Considera “crazy die” to be a die with n
faceswith eachface“cost” asci 2 R,1 - i - n. Theproblemis to deter
minethe exactprobability thatthe sumof costsfrom U throws of this die is
., T,T 2 R.If N isthenumberof waysthatthe sumof costfrom U throws
, T,thenN=n" istherequiredprobability

In this paperwe modelthe sum of costsof eachpossiblesequencef
U throws asa pointin a U-dimensionabirtual spaceV andthencountthe
numberof pointsin V with value, T. Thiscountis therequiredN . Com-
paredto the usualtechniquef usinggeneratingunctionsand bruteforce
techniquesour solutionis computationallymoreef cient.

In Section2 we formally de ne the problem,notationsandvirtual space
andprove someinterestingpropertiesof V. Section3 presentghe slice al-



gorithmsthatdetermineN from V. Section4 compareshe computational
complity of our approactio generatingunctionsandbruteforce.

2 Preliminaries

Let

V = f(xg;x2::005%xu)jl- xi- nji=1:::Ug
De ne costof apointas
C:V! Rs
X
C((X1;X2::::;%xu)) = Cx;
i=1
wheregc - ¢ ifi < j.HenceV isa“virtual space’in RY onn compo-

nentsarrangeduchthatcomponentostsaremonotonicallyincreasingalong
theaxesof V.

De nition 2.1. A pointJd = (j1;j2;:::;ju) is aneighborof pointl =

I = (iq;iz2;:ii;iv) if jk = ik | 1for exactly onevalueof k. Notethat
(1;1;:::) doesnothave asmallerneighbor

LetT > Obeary x edrealnumber

De nition 2.3. A pointP is calledanandor point(a.p.)if costC(P) , T
andif P hassmallerneighborghenthe costof at leastoneof thosesmaller
neighbords< T.

Figurel illustratesanchormpointsin a 2-dimensionaspace.
Let ¥abe a permutatioronf 1; 2; :::; Ug objects.We de ne actionof 3%

Lemma2.1. If A is a setof anchor points,thenA is permutationstable

Proof. If | is ananchorpointandJ is a smallneighborof | with costless
thanT, then¥{J) is asmallneighborof ¥{I ). Sincecostis invariantunder
thisaction,%{1) is indeedananchorpoint. O

f(1;1:::),(n; n;:::)g. Thenif there are other anchor points, at leastone
neighborof p mustalsobe an anchor point.

Proof. By thede nition andhypothesisthereexistsa smallerneighborS of
P suchthatC(S) < T. Sinceanchorpointsarestableunderpermutations
of coordinateswe canassumehatS = (a; j 1;az;:::;au). LetQ =
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Figurel: Anchorpoints:Herec; = 1,¢c, = 2,¢c3 = 4,¢4 = 100U = 2, T = 5.
Anchorpointsarehighlighted.

of N.
CASEI:IC(N)< T
ThenQ is ananchormointsince,

1.CQ., T
2. Q%isasmallerneighborof B andC(N) < T

SoQ is aneighborof P andQ is ananchomoint.
CASEI:C(QY), T
ThenQCis ananchorpointsince,

1. C(QY, T.

2. Sisasmallerneighborof Q°andC(S) < T.
SoQVis aneighborof P andQ®is ananchorpoint. O
Lemma2.3. Supposé = (i1;iz;:::;iv)andd = (ji;j2;:::;ju) aretwo

pointsin V, 1 6 J andA is the setof andhor points. If iy > jx, 8k - U,
theneitherl 2 A orJ 2 A (bothl andJ cannotbeandor points).

Proof. Supposd is ananchorpoint. By de nition thereis k suchthatthe

costof (iy;:::;ik i 1;:::;iy) islessthanT. Sinceix > jk, 8k - U, cost
of J is alsolessthanT. O
Lemma2.4. Supposéii;iz;:::;iu)and(iy;::: i+ r,:::;iy) areancor
points,then(iy;:::, i) + s;:::;iy) isananchor point8s,1- s<r.



1.0+ r;ii;iu) (> |, is also possible,and doesnot affect this
proof), whereC(N) < T (requiredby de nition of ananchorpoint). Now,

Ny = (ig;insij i L+ rj 1;:::5iu) is a smallerneighborof
(ig;icin+rj 100z, |U) Also sinceC(N) < T,C(N;) < T. Hence
(ig;ii i+ 10 "|U) |sananchorp0|nt Inductively we cannow prove
thatall points(i1;:::;ij + s;:::;iy) 1+ s < r areanchorpoints. O
De nition 2.4. We saythatasubseiX of V is connectedf forany | ;1°2
X, thereexist 11;12;:::;1r 2 X suchthatl;l andlr,loarenelghbors
andforl- j - rj 1,1;lj+.1 areneighborsfl;ly;:::;1c;1 % is called
theconnectegath

Lemma 2.5. Suppos« is anyconnectedetthat containspointsl , J sudc
thatC(l) < T andC(J) , T, thenX containsan andor point or X
containsa neighborof an anchor point.

Proof. Letl = I1,I2;"'; = J beaconnectegathfrom| toJ. Since
C(ly)<T andC(I )., 9s,1- s rj 1lsuchthatC(ls) < T and
C(|s+1) N

Therecanbemorethanonesuchs. We canalsohaveC(ls+1) < T and
C(ls), T butforsimplicityweassuméhatC(ls) < TandC(ls«1), T
Themethodof this proof holdsin bothcases.

Supposds = (ai;:::;au) andlssy = (by;:::;by). SinceC(ls) <
C(ls+1) andls+1 isaneighborof | s, theree><|stsan| suchthata; + 1= b.
LetP1 = (a1;:::;a&; 1;b;a+4 :::;au). If C(P1) , T thenP;isin
A. If not, we constructP, which is obtainedin sameway by replacingone
coordinates; of P1 by by wherei 6 j. NoticethatP, is aneighborof both
Is andlss+y @ If C(P2) , T,thenP; 2 A andwe aredone.If notconstruct
P3 in sameway. Inductively we cancompletethe proof. O

Theorem 2.6. ThesetA of anchor pointsis connected.

X
al;d) = divi i

1=1
Letl;J 2 A,1 6 J,d(I;J) = d. Weprovethat9l, 2 A suchthat
d(l1;J) < d. Sincel 2 A, we assumavithoutlossof generalitythatthere
existsasmallneighborlo = (i1 1;:::;iu) withC(lo) < T.
Casel:ir < j1

By Lemma2.39k suchthatiy > j. Setl| 0= = (in;:inik i Liringiv).

Clearlyd(1%J) < d.
Casela:C(19, T

Takel; = 1% NotethatC(irj 1;:::;ik i 1;:::iu) - C(lo) =
C((i1i 1;:::;iu)) < T. Thusl; isananchomointwith smallerneighbor
(i L0 |k i 1;:::iy) andwearedone.

Caselb: C(|°) <T



Consided ©= (i1+1;:::;iki 1;::::iu), thenl °isasmallemeighbor
of I C(1% . T,thenl; = | %isananchomointwith smallemeighbor

thend(1%¢J) < d.

If C(1% < T,thenl; = 1%andl; 2 A. IfC(1% , T,thenl; = 1%
andlq, 2 A.
Caselll:ip = j1

Findsmallesk s.t.ix 6 jx. We cannow useCasel or Casell.

By induction,we can nd aconnectegathfrom| toJ.

3 SliceAlgorithms
Set
Vi =fP2Vjxi(P): xiaa(P);i=1;:::;ui 1g
where,
xi (P) = i"™ coordinateof P:

De nition 3.1. Let< X > beanoperatotthatgenerateall permutation®f
X.

Example 3.1.
< (1:23)>=1(1,2,3);(1;3,2);(2,1,3):(2:3,1):(3: 1, 2): (3; 2, 1)g
< £(1;2):(2:3)9>= f(1;2);(2,1):(2:3): (3:2)g
Hence< Vi >= V.
De nition 3.2. Wede ne a bar' map
AV VA
PI P
with P is obtainedby rearrangingoordinatef P in anascendingrdet
Lexnma 3.1. for anyP 2 V, thecardinality of thesetfQ 2 V j Q = Pg

is u whee,
F; i rs
ri = repetitionofxi(P)
r. = repetitionof X1+, (P)
rs = repetitionof X1 r,«r,(P)
Proof. Seesecondbaragraptonpagel6in [4]. O



Example3.2. LetV = f(i1;i2;i3;ia)j1- ij - 4g,andP = (1;2;1;3).
ThenP = (1;1;2;3)andr; = 2;r, = 1;r3 = 1,and
_ A !
_ - 4 41

fR2VIiQ=Pa = L1 “onm- ¥?

T

De nition 3.3. Sliceanchor pointsareelementof A = A V., where

A is thesetof anchorpoints.
Itis clearthat< A, >= %.

De nition 3.4. Multinomial ; ur for Q = (ry;:::;rs) is called
the permutatiordegree(p-degree)of Q.

Lemma 3.2. Suppos&)1; Q2 2 V. aresudthatx;(Q1) - Xi(Q2),1 -
i - UandC(Q1) < T,C(Q2), T. ThentherexistsP 2 A., sud that

Xi(Q1) - Xi(P) - xi(Q2).

X

Proof. We useinductiononm = [Xi(Q2)i xi(Q1)]. If m = 1, then
i=1

Q2 2 A. andwe aredone. Supposg is a maximumindex suchthat

Xj(Q1) & Xx;(Qz2). SetQ = (X1(Q1);:::;%(Q1) + 1;:::5xu(Qu)).
Now,
X (Q1) < Xj(Q2) © Xj+1 (Q2) = Xj+1 (Q1)
Xj(Q1) + 1- Xj+1 (Q1)
Xj (Q) © Xj+1 (Q); henceQ 2 V.
IfC(Q), T,thenQ 2 A..If C(Q) < T, thensince

X X
xi(Q2) i xi(Qu)] - Xi(Q2) i xi(Q)]+1

i=1 i=1

by inductionthereexistsaP 2 A. with requiredproperty O

Thenfor anyQ 2 V., sud that,

xi(Q) = a&a; 1- i<r and,
X (Q) > a,

C(Q)>T.



(ar;::;ar; 156 Cren ity cu) witheg = maxai;b), r+21- i - U.
Notethathy = maxa,;;bx) - maxas+1 ;br+1) sincea, - a-+1 andb -
b+ . ThusQ 2 V. . Furtherxi(Q) , b 8iandC(Q), C(ai;:::;au),
T. Henceby Lemma3.2,thereexist P 2 A with x; (Q) , xi(P) ., b.
Butforl - i< r,xi(Q) = b = a andx;(Q) = b. Thuswe have an

anchorpointP with x;(P) = aj,1 - i < r andx;(P) > a,. Thisisa
contradiction.Thuswe musthave C(by;:::;b ), T. O
Conversely

Lemma 3.4. For anyQ 2 fV. nA,gwith C(Q) > T, there exists

xi(Q) = a&; 1-1i-rj 1 and,

X (Q) > a
Proof Suppose(b:;:::;by) 2 fVe nAsgwith C(ly;:ii;by) , T
Choosepoint(as;:::;ar;:::;au) 2 A+ suchthatr isamaximumindex

suchthata; = b,1- i < r anda; 6 b .Thisconditionisvacuousfr = 1.
Weclaima, < b.
We prove by contradiction. Supposea, > b. SetQ = (ai;:::;

T. Thusif C(Q) , T,thenQ isananchompoint,which contradictshemin-
imality of r. ThusC(Q) < T. Alsox;(Q) - b. Now we useLemma3.2
to nd P 2 A,, suchthatx;(Q) - xi(P) - b. Sincexi(Q) = b = aj,

1. i randx,(Q) = b,wefoundP 2 A. suchthatx;(P) = b for

1. i - r. Thisviolatesthe maximality of (ai1;:::;au). Thuswe must
havea; < by. O

De nition 3.5. Let(as1;:::;ar;:::;au) 2 A+ beananchompointof Lemma3.3.
Consider

daia)=1fP2Vjixi(P)=a;1- i<r;andx,(P)> arg
Lemma 3.5. Supposé;; P, 2 A, aresud that,
Xr (P1) = maxfx; (Q) j xi(Q) = xi(P1);1- i<r;Q2A:g

Xs(P2) = maxfxs(Q) j xi(Q) = xi(P2);1- i <s;Q2A.g
Theng(x1(P1);:::; % (P1)) and¢(x1(P2); 11 1 ; xs(P2)) aredisjointor iden-
tical.



Proof. Wewill shaw thatif (c1;:::;¢cu) isin,

\
e(X1(P1); e (P1))  e(Xa(P2);:::Xs(P2))

thenx; (P1) = xi(Pz2) forr = sandl- i - r.

We canassumehatr - s. If r < s, thenwe have x; (P1) , X (P2)
sincexi(P1) = xi(P2) = ¢ forl - i < r. Howeverby Lemma3.4we
know thatx, (P1) < ¢ = x,(P2). Thisis a contradiction.Hencewe must
haver = sandx, (P1) = X (P2). O

To nd suitable(as;:::;ar) of lemma3.5, we make useof lemmas3.3
and3.4. We make groupsin A. of all the anchorpointswith rst r j 1
coordinateequalto a;;:::;ar; 1 andchoose(as;:::;a;) with maximum
r' coordinatea, . SupposeX denoteghesetof all such(az;:::;ar). Al-

gorithm1is designto nd X.
Now it is clearfrom lemma3.5that

fQ2V, jC(Q). Tg" Ar ' saniisia)
X

S
wheretheunionis disjoint. If wewrite< Y >= ,,,, < P > for ary set
Y, thenthisimpliesthat

fQ2VjiC(Q), Tg ' <A: > r < ¢lar;:inar) >

Therefore
. . . . . X
fRQ2VjCQ), Tgi=j< As >j+ < (a:iiar) >j:
X

OnceA+ is foundWe applylemma3.1to nd j < A, > j. It remainsto
nd thecardinalityj < ¢(ai;:::;ar) > j. Beforecomputingthat,we de ne
someterms:

Recallthata partition E g a positive integeru is a sequences;:::Sm
of positive integerssuchthat | s; = u [4]. We will denotea partitionof u
byE = @)*;®b%::: @ ,if ® isrepeateg times,1 - i - r. Forexample
(1,1,1,2), a partition of 5 is denotedas 132*. The se&of partltlonsof h‘ is

I
denoteby(g( In next lemmawe assume .L... .

Mok m1:::: m ;0
mqiiom g
Lemma 3.6. Cardinalityof< ¢(as;:::;ar) > is
A A 1A
X U k En
e T PraxuiEn kT |]{2} M



P
wheeu=Uj rj 1,E, = p foranyE = @*;::: @,

® = repetitionof a;
® = repetitionofai+ e,
® = repetitionof ai+ @, + @,

® = repetitionofa,; 1:
andwhenr = 1 weassumeé® = 0

Proof LetE = ~P1;:::; 7Pt beary partltlonofu Thenfor ary choiceof
En valuesh; < :: < be fromfar + 1;:::;nglet

P:(al;””ar'l’Pl&i::::PE :;) whereeachof by;::: by, are

repeated ; times, eachof B, +1 5000 hp, arerepeate(Tz timesandsoon. By
lemma3.3and3. 4 P2 (,(al; inar). N@w by lemma3.1

J<P>J_ ®1;1;®
' 5-&%|&}
Slncethecardlnalltyoffar + 1;:::;ngisk, thereare Ekn choicesfor
b,
If wewrite partitionE = ~5*;:::; 7Pt as™ P "_'1'_92;:::;_1pt and
follow t&le sameprocedurewe get pointsof ¢(a1;:::;a ) Now thereare
En

wayswe canrearrange partitionE . Puttingall thesetogethemwe
getour formula.
O

Example 3.3. Considercosty?2; 3; 4; 9; 12]withn = 5, U = 3andT = 10.
A = f(1;1,4);(1;2;4);(1;3;3)(2; 2; 3)g: To constructX we start
with (1;1) andrecordit. Sincewith 4 is the maximumthird coordinate,
(1:1;4) 2 X. ThiswaywegetX = f(1;1;4);(1;2;4);(1;3;3);(2;2;3); (1;3);(2;2); (2)a:
We rst calculateg] < (,(114) >j:U=3n=5k=5; 4=1,
u=3j 3+ 1= 1and)|(1 = f¢1 Q.Therefore
3
i<ediL4)>j= 211 1 =3
Similar calculationsshov Qda&

i< eza)>j= 3"

|111(1:l ¢|1¢
j<¢e1:3,3)> )= ¢ ¢ a =12
J<c(223)>1‘ 1 11 =8
In thefollowing calculaéloes.lq:- 2an@x@l -¢fl 2'g:
J< d(1;3)> )= 111¢|2¢|2¢ ¢|§¢|%¢ 12
(2 2)>J_ 111 2 2 12 1 1 318+19 127
Inthefollowmg calc¢1laé| = 3 ngxzd; ¢11¢2 3'g
j<e@>i= "5 5 5t G 1 ‘6"'18"'3‘
27.
Further

<AL >j=j<@L4)>j+j<@;24)>j+j< (1,33 >
j+i<(2,23)>j=15



Thereforgf P 2 VjC(P) , 10gj = 3+ 6+ 12+ 6+ 12+ 27+ 27+ 15=
108

Thecomputatiorof theabose exampleasdoneby thealgorithmsis illus-
tratedstep-by-stejin Section3.3.1.

3.1 Finding sliceanchor points

By Theorem2.6 we know that the set of anchorpointsis connectedand

from Theorem2.2 we know thatthey canbe found by searchingneighbors.
Hence,a simple algorithm can be designedo nd all anchorpoints. Our

algorithmbeginsby searchingliagonalpoints(all coordinatesreequal)and

their neighbordor a“seed”anchorpoint, oncethatseeds foundwe simply

startlooking at the seed$ neighborsfor new anchorpoints. The neighbors
of the new anchorpointsarethensearchedn turn. This processcontinues
until all anchorsare found. While searchingfor neighbors,if we restrict
thesearcho neighborsvith monotonicallyincreasingcoordinatevalues we

areleft with A, a setof slice anchorpoints (anotherset of slice anchor
pointscanbefoundby restrictingthe searcho neighboravith monotonically
decreasingoordinatevalues).For sale of brevity we omit the detailsof our

algorithmto nd sliceanchomoints

3.2 Counting Pointsin Slice

Anchors2PintsSliceg(Algorithm 2) illustratesthe algorithmusedto compute
the pointswith cost, T inV usingonly A. . Thecountingprocesegins
with theinitial call to Anchors2PvintsSlicéA . , n,4 i U
thecardinalityof A+ . Andhors2pintsSlicds awrapperaroundthe mainAl-
gorithmAncdors2pintsSliceRecuAlgorithm 3). Anchors2PvintsSliceRecur
uses MakeGmoups (Algorithm 1). The
Make groupsalgorithmgeneratesecursve “groups” within thelist of anchor
pointssuchthatthe rst columnin every generategroupis identical. Theef-
fectof suchgroupingis thatwith eachlevel of recursie groupingwe reduce
adimensiorof ourvirtual space This processs illustratedin Figure2 where
groupsaregeneratedn the sequences;rs;:::;ri1. Eachrecursve call to
MakeGmoupsreturnssmallergroups. Eventually whenthe groupsreacha
single column, Anchors2PbintsSliceRecubegins to returnandall counting
is donewhenAndors2pintsSliceRecuis unrolling back.

Below aresomede nitions andformulaeusedin thealgorithms.

De nition 3.6. Supposeparty is a setof all the partitionsof U. For ary
E 2 party with E = si*sh? :::sPr wede ne thefollowing constants:

5), wherek is

En = Pr L

multe = 2
E DL (2



A

u
perme = e e N (3)
PLipy iy GO0 Bty
P1 Pr
Let,
X 21 oE =12
Fu = mul te £ perme £ Dg D = 0 otnhe_rwi'se ()
E 2 par ty
X #1 Ey=23
Ry = multe £ permg £ Dgr Dgr = 0 otrl]1e_rwi:$e
E 2 par ty
(5)
% 0 E,< 3
1
= Ay E,=3
H |
QJ En = E (EI’I::- 3) EYi 4 (6)
= (ii En+ 3+ m) otherwise

(Eni 3

Algorithm 1 MakeGmoupgA. , )

1: A, isthek £ U matrix of k lexicographicallysortedanchorointsg

2. frisa2 £ 2 matrix where[rs cs;re c€ de ne the upperleft handcorner
(rs;cs) and(re;ce) de ne the lower right handcornerof the spacein A.
within which groupsareto be madey

3 [rscsrece ( r

4 ri( rs

5. whileri - redo

6. Record[ri cs+ 1]asbegginningof group
7. fe( As(rijcs+ 1)

8: whileri - redo

9 if fe= A, (ri; cs+ 1) then

10: rf ( ri

11: ri( ri+1

12: endif

13:  endwhile

14:  Record[rf c€ asendof group
15: end while

16: returnall groups

3.3 Examples

In this sectionwe illustratethetechniqueof countingpointsusingtwo exam-
ples.

11



Algorithm 2 Anchors2RintsSlicéA. , n, r)

1
2:
3:

fA. isthek £ U matrix of k sliceanchormointgy

f n is themaxvalueof ary elementn ananchorpointy

fr isa2£ 2 matrix where[rs cs;re cel de ne the upperleft handcorner
(rs;cs) and(re;ce) de ne the lower right handcornerof the spacein A
thatis currentlybeingprocessegl

: result = Anchor2PointsSliceRecuk( , n, r)
: for all p, sliceanchorpointin A, do

result =result + permutatiordegreeof p

: endfor
. returnresult

3.3.1 Examplel

Considercosts[2; 3; 4; 9; 12]with U = 3andT = 10. A, is obtainedusing
the proceduredescribedn Section3.l. The processbegins with a call to

Andor2PointsSlice(A+ ; 4; 4 ‘11 3 5), wherers = 1,cs = 1,re = 4,
ce= 3and, 2 3
1 1 4
81 2 4 Z
A 13 3
2 2 3

In thisinitial callre = 4 is the numberof sliceanchormpointsandce = 3 is
U. Eachrow of A is thevectorfor asliceanchorpoint. Figure2 shavsthe
countingof pointsusingthe slice anchorpointsin A, . The makegroups
algorithm generatesecursve groupswithin the list of slice anchorpoints
suchthatthe rst columnin every generatedyroupis identical. The effect
of suchgroupingis thatwith eachlevel of recursve groupingwe reducea
dimensionof thevirtual space.

For eachgroupreturnedcby MakeGroups Anchors2PintsSliceRecutom-

Computing rp;

Here,f emax = 4;u = 1;k = O; part, = f1'g. Now for eachE 2 part,
we evaluatemul te (Equation(2)) andperme (Equation(3)). ForE = 17,
E, = 1 (Equation(1)) and,

Al

multg =

b

permg =

12



Algorithm 3 Anchors2PintsSliceRecyA . , n, r)

1
2:
3

11:
12:
13:
14:
15:
16:
17:
18:
19:

20:

21:
22:

fA. isthek £ U matrix of k sliceanchormointgy

f n is themaxvalueof ary elementn ananchomointgy

fr isa2£ 2 matrix where[rs cs;re ce] de ne the upperleft handcorner
(rs;cs) and(re;ce) de ne the lower right handcornerof the spacein A.
thatis currentlybeingprocessegl

: fIf the nal valueof asummationvariableis smallerthanits initial value,let

thatsummatiorbe zerog

. if Sis emptythen

returnO
endif

c[rscsirece ( r
. if ce> csthen

rl= makegoups(S;r)
for all ri suchthatri isa2£ 2 groupspeci cationin r1do
result = result + Anchor s2P ointsSliceRecur(A. ;n; ri)
endfor
endif
f emax = maxcs" columnfromrowsrstorein A, )
u=-cej cs+1
k=nj femaxj 1
fFy; Ry andQj.e, belov arefrom Equation(4), (5) and(6) respectiely.g

fsum = 1+ kF,+ MRu +
2
2 " 1]3
g 1 o o
Amulte £ perme £ (ki J)(k2+1' J)Qj;En 5
E 2 par ty j=2
d = denominator of multinomial coefcient of
As(re;1);As(re;2);: ;AL (re;esi 1)
I

rp= —— £ fsum

d£ u!
returnresult + rp

13



HenceusingEquation(4),

Fi=(1£1£1)=1 )
Similarly usingEquation(5),

Ri=(1£1£0)=0 (8)
Hencefrom Anchors2RointsSliceReculine 19

fsum=1+0+0+0 9

The lasttermin Equation(9) is 0 sincein thattermthe nal condition of
the summation(j 1) is lessthat the initial value (2). In line 20, d is the
degominatoof the multinomial coefcient of 1,1, whichis the denominator

of ; . Henced = 2! FromAncors2pintsSliceReculine 21

- 3 -
rpr = mfsum =3

Computing r p;

Similarto rp;, heref emax = 4;u = 1;k = 0;part, = f1'g. However,

d = 1!1.. Hence,
_ 3 _
P2 = gy SUm = 6

Computing r ps

Here,femax = 3;u = 1,k = 1;party = fllg. multe andpermeg
identicalrpz .
fsum=1+1+0+0 (20)
Hence,
!

1!1!1!f sum = 12

rps =

Computing rp4
This computationis similarto r ps exceptthatd = 2!. Hence,
_ 3 _
rps = ﬁf sum = 6
Computing rps

In this case,f emax = 3;u = 2,k = 1;party, = flz;zlg andd = 1.
Sincetherearetwo paritionsof u,
"A 1A b# "ATAL #
2 2 1 2

= + =
F2 2 11 1 1 2 1 3 (11)
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R, = 1+ 0 =2 (12)

Hence,
fsum= 1+ 1¢3+0¢2+0=4

_ 3 _
rps = ﬁfsum =12

Computing rps
Here,f emax = 2;u = 2;k = 2;part, = f1%;2'gandd = 1l Using
Equationg11)and(12),

fsum= 1+ 2¢3+ 1¢2+ 0= 9 (13)

Hence,

_ 3 _
rps = ﬁfsum =27

Computing rpy

Finally, heref emax = 2;u = 3;k = 2;part, = 13;1'2%;3! andd = 1.
So,

"A 1A L o# "A 1A L o# "ALTAL #
3 3 2 3 1 3
= + + =
Fs 3 1110 11 11t 1 317709
"A 1A I # "A TA 1 # "A 1A | #
3 3 2 3 1 3
Ra 3 111+t 11 o1ttt g0 =12
(15)
fsum= 1+ 2¢7+ 1¢12+ 0= 27
Hence,
_ 3 _
rpz = r?)!fsum— 27
Line 4 in Algorithm 2 returnsthe sumof all rp;, 1 - i - 7 andin

line 6, the p-degreeof eachslice anchorpointis added.The overall number
of points, T, 108, is returnedin line 8. The p-degreeof eachpointin A .
is shavn in therightmostcolumnin Figure2.

We canseethat Equations(4) and (5) areindependenof k andcanbe
reusedn computingr p of acolumnfrom Figure2

3.3.2 Example2

Now, we presentanotherexamplesimilar to thatin Section3.3.1, but with
T = 8. This examplehasfewer slice anchorpointsand exercisescomputa-
tion of Q;.e,, (Equation(6)). Figure3illustratesthis computation.
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m axis 1 axis permsof slicea.ps.

1(1]4 rpy 3
11214 rpz Ps 6
rpz
1(3]3 rps 3
212(3 P4 Pe 3
Totals: 27 + 39 + 27 + 15 = 108

Figure2: lllustrating Algorithm 2, for Examplel

Considercosty2; 3; 4; 9; 12]with U 5 SandT3= 8. Theprocesdegins

with acall to Anchor2RointsSlicéA + ; 2; 4 ; 3 5),where
2 3
1 1 3
= 4 5.
As 12 2

Computing rp;
Here,femax = 3,u = 1,k = 1, part, = f1'g. f sum in this caseis
identicalto Equation(9). Hence,

_ 3 -
rp = ﬁfsum =6

Computing rp;
Here,femax = 2,u = 1, k = 2, party = f1'g andf sum is agin
identicalto Equation(9). Hence,

__3 -
rpz = mfsum =18

Computing rps

Here,femax = 2,u = 2,k = 2, part, = f12;2'gandf sum is identical
to Equation(13). Hence,

_ 3 -
rps = ﬁfsum =27

16




m axis 1 axis permsof slicea.ps.
1

113 rps 3
rps D4
2|2 rp2 3
Totals: 24 + 27 + 64 + 6 = 121

Figure3: lllustrating Algorithm 2, for Example2

Computing rps

Here,f emax = 1,u = 3,k = 3, part, = f1%;1'2!;3'g. UsingFs and
R3 from Equationg14) and(15) respectiely,

(A 1A I
_ 3 3 Bi 22B3+1; 2 1
fsum = 1+3:¢7+~3¢12+ 3 111 5 @i 3)
(A 1A I, )
. 2 3 (Bi 2B+ 1; 2)¢0
L1 12 2
(A A 1, )
1 3 @Bi2B+1j2 °
+ 1 3 ¢0
= 1+21+36+6+0+0
= 64
Hence,
_ 3 _
rps = afsum =64
The rightmostcolumn of Figure 3 shaws the p-degreeof eachpointin
A.:. Addingupallrpi,1- i - 4andthep-degreesgive us121,thetotal

numberof pointswith cost, 8.

4 Complexity

Thecomputationatompleity of Anchors2PvintsSliceRecuis dominatedyy
line 19. Both Fy andRy requiresthe computationof all unrestrictedpari-
tionsof U. Thenumberof unrestrictecparitionsof U, P (U) is givenby [2]

as
21/Ap 2U=3

€
PU)%E o
) —5P3

17



Assumingthateachparitionscanbe generatedn constantime, sinceU! =
O(UY) thecompleity of line 19in Anchors2RintsSliceRecuis

A 1A ! #
Z%p 2U=3 21/4p 2U=3

= 0O U—p— + O —p— (UnO(U"
aU 3 4U3( (™)

o
= Oo(nuYe” V) (16)
A. hasfewer pointsthanA by afactorof U! hencein theworstcasethe
numberof anchorpointsis a = %

Theoverall compleity with constantU andworstcasea,

K 1

. \2(Ui 1)
O nlogn+ Ui D770 7

U2U
= 0O(n?Y) (17)

Hencetheasymptoticompleity doesnotchangeThisis to beexpected
sincethereductionis basecon U andwe let U betheconstant.
However, with constant, the overall worstcasecompleity is,

0 , . 1
urs Y DY e UG DHOTY
uyv u2u
= Sy (Ui D H iy T P
U(n |Ui) U log uni J-?J U) + nuYe” 29=3
Hoou T
n
= 0O —UZU (18)

4.1 Comparisonwith Brute Force Method

Thebruteforcemethodis onein whichwetesteachpointin V for, T. The
compleity of this approactis awaysO(Un" ). We canconcludethatwhile
in theworstcasg(Equationg18) and(17)) our algorithmsexhibit worsescal-
ability thanbrute force whereasn the bestcasewe do signi cantly better
Our future work will include an averagecasecompleity analysisin which
we hopeto shav thatour approactworks muchbetterthanbruteforcein the
averagecase. This is primarily becauseahe worst case,as outlined above,
occursonly for avery narrav rangeof T.

4.2 Comparisonwith Generating Functions

A classicmethodof countingpointsin the U-dimensionalspaceis using
generatingiunctions. Thoughour problemrequirescountingpoints, T,
whenusinggeneratingunctionsit is easierto calculatepoints- T, sothat
is whatwe will doin this section.We begin with explainingthis methodand
thencomparet with our algorithms.
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Letthecostsbe[1;2;5], U = 2andT = 3. This rst stepis to createa
generatindunctionfor ead axisfrom the costs.Sucha generatingunction
is,

g(x) = x + x>+ x° (19)

Sincetherearetwo suchaxeswe multiply the generatindunctiontwice
anddivide theresultby (1 j x) [1] in orderto accumulateoefcients. We
thendifferentiatetheresultT times,evaluateatx = 0 anddivide by T! to
getthe numberwe want. Multiplying generatingunctionshadthe effect of
creatinga multinomialexpansionof thegeneratindgunction. Suchanexpan-
sionhasthe propertythatfor eachtermin the expansionthe coefcient of a
giventermin x happengo bethenumberof waysto getthe exponentof that
X. Multiplying the generatingunction by 1‘% hasthe effect of accumulat-
ing coefcients [1]. Now, in orderto getthecoefcient of thex termwith an
exponentof T we differentiateT times.Wethenevaluatetheresultatx = 0
to cancelall termswith exponentgreatethanT . Finally to negatethe effect
of repeatedierivative on the coefcient of x we divide theendresultby T!.
Hencewe evaluate,

d" (x+ X%+ x5)2°
dxT 1i x

P (x+ X2+ x5)2°
dx3 1j x

= 3

N = (20)

1
oo T
1
T

We cannow saythatthereare3 waysthatT - 3, they are(1;1), (1;2),
(2; 1). Equivalentlythereare6 = 3% j 3 wayssuchthatthesumis, 4. So,
therequiredprobabilityof T, 4is g = 0:66. Therearetwo computation-
ally expensve stepsin the evaluationof Equation(20): Evaluatingthe T
derivative andcomputingT!. We will now look at how we caneliminateor
reduceoneor bothof thesesteps.

If we try to preventexplicit computatiorof T! we mustcomputed‘% in

T steps,%; ddxz Tl ddX;T andateachstepdividetheresultbyn; nj 1;nj
2;:::;1. Division of G;’X—TT by T! or division of eachsuccessie deriative by

n;nj 1,nj 2;:::isrequiredto cancelthe effect of multiplication of the
coefcient of x by it's exponentin eachsuccessie derivative.

If we try to preventsuccessie computationofderivativesthenwe must
computeT . While thegammafunctionij( T) = 01 xT e *dx canbeused
to exactly calculateT!, T! = j( T + 1), it involvesat leastT integration
steps. An approximationto T! canbe otBained%JsiegT or fewer stepsby
using Sterling’s approximationas T! % = 2% 'L . In eithercase the
factorialvalueis large for even modestvaluesof T, for example,100! con-
tains158digits. GiventhatT representthesumof costs, nding thefactorial
is constrainedo coststhatcanbe handledby the precisionof the systemon
whichthecomputations beingcarriedout. It is unlikely thatmostcommonly
usedgeneral-purpossystemswill be ableto computethe factorialof large
costvalues(in the orderto severalhundredsr thousandsyvithout over ow.
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Hencewe cannoteliminate both thesecomputationallyintensie steps
simultaneously So the choiceis betweennding the T" derivative, oneat
atime or calculatingT !. Both of thesearechoicesseverely constrainusing
thisgeneratindgunctionstechniqueor largevaluesof T (severalhundredsor
thousands).

Thoughthe computationatequiremenbf this methodis sensitveto T,
it is fairly immuneto U, the numberof users.Thisis the casesincein Equa-
tion (20), U is the exponentof the generatingunction and doesnot affect
the computationakffort to nd a derivative. Herewe canseea substantial
reductionin compleity dueto the slice algorithms. Shenand Marston|[3]
considerarestricteccaseof our problemwith usualdie consistingof sequen-
tially numberedacevalues(costs).Their techniquesrebasedmultinomial
expansionandthey claimarunningtime of O(U?; n?). The paperdoesnot
give ary detailsof thedynamicprogrammingused.

All algorithmsdescribedn our paperareavailableasMATLAB ™code.
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