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Abstract

This paperpresentsa computationallyef�cient algorithmfor solvingthe
following well known die problem:Considera “crazy die” to bea die with
n faceswhereeachfacehassome“cost”. Costsneednot besequential.The
problemis to determinethe exact probability that the sumof costsfrom U
throwsof thisdie is ¸ T , T 2 R. Ourapproachuses“slice” volumecompu-
tationin U-dimensionalspace.Detailedalgorithms,complexity analysisand
comparisonwith traditionalgeneratingfunctionsapproacharepresented.

1 Intr oduction
We presenta computationallyef�cient solutionto a straightforward,but in-
tractablecombinatorialproblem. Considera “crazy die” to be a die with n
faceswith eachface“cost” asci 2 R, 1 · i · n. Theproblemis to deter-
minetheexactprobabilitythatthesumof costsfrom U throws of this die is
¸ T , T 2 R. If N is thenumberof waysthatthesumof costfrom U throws
¸ T , thenN=nU is therequiredprobability.

In this paperwe model the sum of costsof eachpossiblesequenceof
U throws asa point in a U-dimensionalvirtual spaceV andthencountthe
numberof pointsin V with value¸ T . This countis therequiredN . Com-
paredto the usualtechniquesof usinggeneratingfunctionsandbruteforce
techniques,oursolutionis computationallymoreef�cient.

In Section2 we formally de�ne theproblem,notationsandvirtual space
andprove someinterestingpropertiesof V . Section3 presentsthesliceal-
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gorithmsthat determineN from V . Section4 comparesthe computational
complexity of ourapproachto generatingfunctionsandbruteforce.

2 Preliminaries
Let

V = f (x1 ; x2 : : : : ; xU ) j 1 · x i · n; i = 1 : : : Ug

De�ne costof apointas

C : V ! R+

C((x1 ; x2 : : : : ; xU )) =
uX

i =1

cx i

where,ci · cj if i < j . Hence,V is a“virtual space”in RU onn compo-
nentsarrangedsuchthatcomponentcostsaremonotonicallyincreasingalong
theaxesof V .

De�nition 2.1. A point J = (j 1 ; j 2 ; : : : ; j U ) is a neighborof point I =
(i 1 ; i 2 ; : : : ; i U ), if I 6= J andji k ¡ j k j · 1, for all k, 1 · k · U.

De�nition 2.2. A point J = (j 1 ; j 2 ; : : : ; j U ) is a smallerneighborof point
I = (i 1 ; i 2 ; : : : ; i U ) if j k = i k ¡ 1 for exactly onevalueof k. Note that
(1; 1; : : :) doesnothaveasmallerneighbor.

Let T > 0 beany �x edrealnumber.

De�nition 2.3. A pointP is calledananchor point (a.p.)if costC(P) ¸ T
andif P hassmallerneighborsthenthecostof at leastoneof thosesmaller
neighborsis < T .

Figure1 illustratesanchorpointsin a2-dimensionalspace.
Let ¾bea permutationon f 1; 2; : : : ; Ug objects.We de�ne actionof ¾

onapoint(x1 ; : : : ; xU ) in V asfollows: ¾((x1 ; : : : ; xU )) = (x¾(1) ; : : : ; x¾( U ) )

Lemma 2.1. If A is a setof anchor points,thenA is permutationstable.

Proof. If I is ananchorpoint andJ is a smallneighborof I with costless
thanT , then¾(J ) is a smallneighborof ¾(I ). Sincecostis invariantunder
thisaction,¾(I ) is indeedananchorpoint.

Theorem 2.2. If P = (a1 ; a2 ; : : : ; aU ) is an anchor point such that P =2
f (1; 1 : : :),(n; n; : : :)g. Thenif there are other anchor points,at leastone
neighborof p mustalsobeananchor point.

Proof. By thede�nition andhypothesis,thereexistsasmallerneighborS of
P suchthatC(S) < T . Sinceanchorpointsarestableunderpermutations
of coordinates,we canassumethat S = (a1 ¡ 1; a2 ; : : : ; aU ). Let Q =
(a1 ; a2 ; a3 + 1; : : : ; aU ). SinceC(P) ¸ T , C(Q) ¸ T . ConsiderQ0 =
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Figure1: Anchorpoints:Herec1 = 1, c2 = 2, c3 = 4, c4 = 10, U = 2, T = 5.
Anchorpointsarehighlighted.

(a1 ¡ 1; a2 ; a3 + 1; : : : ; aU ). Q is aneighborof P andS is asmallerneighbor
of N .
CASE I: C(N ) < T

ThenQ is ananchorpoint since,

1. C(Q) ¸ T

2. Q0 is asmallerneighborof B andC(N ) < T

SoQ is aneighborof P andQ is ananchorpoint.
CASE I I: C(Q0) ¸ T

ThenQ0 is ananchorpoint since,

1. C(Q0) ¸ T .

2. S is asmallerneighborof Q0 andC(S) < T .

SoQ0 is aneighborof P andQ0 is ananchorpoint.

Lemma 2.3. SupposeI = (i 1 ; i 2 ; : : : ; i U ) andJ = (j 1 ; j 2 ; : : : ; j U ) aretwo
pointsin V , I 6= J andA is thesetof anchor points. If i k > j k , 8k · U,
theneitherI =2 A or J =2 A (bothI andJ cannotbeanchor points).

Proof. SupposeI is an anchorpoint. By de�nition thereis k suchthat the
costof (i 1 ; : : : ; i k ¡ 1; : : : ; i U ) is lessthanT . Sincei k > j k , 8k · U, cost
of J is alsolessthanT .

Lemma 2.4. Suppose(i 1 ; i 2 ; : : : ; i U ) and(i 1 ; : : :, i l + r ,: : : ; i U ) areanchor
points,then(i 1 ; : : :, i l + s; : : : ; i U ) is ananchor point8s, 1 · s < r .

Proof. Fromde�nition of anchorpointsandconstructionof virtual spacede-
scribedabove,it is clearthat8s, 1 · s < r , C(i 1 ; : : : ; i l + s; : : : ; i U ) ¸ T .
Now, (i 1 ; : : : ; i l + r ; : : : ; i U ) hasasmallerneighborsayN = (i 1 ; : : : ; i j ¡
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1; : : : ; i l + r; : : : ; i U ) (j > l , is also possible,and doesnot affect this
proof), whereC(N ) < T (requiredby de�nition of ananchorpoint). Now,
N1 = (i 1 ; : : : ; i j ¡ 1; : : : ; i l + r ¡ 1; : : : ; i U ) is a smallerneighborof
(i 1 ; : : : ; i l + r ¡ 1; : : : ; i U ). Also sinceC(N ) < T , C(N 1) < T . Hence
(i 1 ; : : : ; i l + r ¡ 1; : : : ; i U ) is ananchorpoint. Inductively wecannow prove
thatall points(i 1 ; : : : ; i l + s; : : : ; i U ) 1 · s < r areanchorpoints.

De�nition 2.4. We saythata subsetX of V is connectedif for any I ; I 0 2
X , thereexist I 1 ; I 2 ; : : : ; I r 2 X suchthat I 1 ; I andI r ; I 0 areneighbors,
andfor 1 · j · r ¡ 1, I j ; I j +1 areneighbors.f I ; I 1 ; : : : ; I r ; I 0g is called
theconnectedpath.

Lemma 2.5. SupposeX is anyconnectedsetthat containspointsI , J such
that C(I ) < T and C(J ) ¸ T , thenX containsan anchor point or X
containsa neighborof ananchor point.

Proof. Let I = I 1 ; I 2 ; : : : ; I r = J bea connectedpathfrom I to J . Since
C(I 1) < T andC(I r ) ¸ T , 9s, 1 · s · r ¡ 1 suchthatC(I s ) < T and
C(I s+1 ) ¸ T .

Therecanbemorethanonesuchs. We canalsohave C(I s+1 ) < T and
C(I s ) ¸ T but for simplicity weassumethatC(I s ) < T andC(I s+1 ) ¸ T .
Themethodof thisproofholdsin bothcases.

SupposeI s = (a1 ; : : : ; aU ) andI s+1 = (b1 ; : : : ; bU ). SinceC(I s ) <
C(I s+1 ) andI s+1 is aneighborof I s , thereexistsani suchthatai + 1 = bi .
Let P1 = (a1 ; : : : ; ai ¡ 1 ; bi ; ai +1 : : : ; aU ). If C(P1) ¸ T then P1 is in
A. If not, we constructP2 which is obtainedin sameway by replacingone
coordinateaj of P1 by bj wherei 6= j . NoticethatP2 is a neighborof both
I s andI s+1 : If C(P2) ¸ T , thenP2 2 A andwe aredone.If not construct
P3 in sameway. Inductively wecancompletetheproof.

Theorem2.6. ThesetA of anchor pointsis connected.

Proof. For I = (i 1 ; : : : ; i U ), J = (j 1 ; : : : ; j U ), de�ne thedistance,

d(I ; J ) =
UX

l =1

ji l ¡ j l j

Let I ; J 2 A, I 6= J , d(I ; J ) = d. We prove that 9I 1 2 A suchthat
d(I 1 ; J ) < d. SinceI 2 A, we assumewithout lossof generalitythat there
existsasmallneighborI 0 = (i 1 ¡ 1; : : : ; i U ) with C(I 0) < T .
CASE I: i 1 < j 1

By Lemma2.39k suchthati k > j k . SetI 0 = (i 1 ; : : : ; i k ¡ 1; : : : ; i U ).
Clearlyd(I 0; J ) < d.
CASE Ia: C(I 0) ¸ T

Take I 1 = I 0. Note that C(i 1 ¡ 1; : : : ; i k ¡ 1; : : : i U ) · C(I 0) =
C(( i 1 ¡ 1; : : : ; i U )) < T . ThusI 1 is ananchorpointwith smallerneighbor
(i 1 ¡ 1; : : : ; i k ¡ 1; : : : i U ) andwearedone.
CASE Ib : C(I 0) < T
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ConsiderI 00= (i 1 + 1; : : : ; i k ¡ 1; : : : ; i U ), thenI 0 is asmallerneighbor
of I 00. If C(I 00) ¸ T , thenI 1 = I 00is ananchorpointwith smallerneighbor
I 0. If C(I 00) < T , thenI 1 = (i 1 + 1; : : : ; i k ; : : : ; i U ) 2 A andd(I ; J ) < d.
CASE I I : i 1 > j 1

By Lemma2.39k suchthati k < j k . SetI 0 = (i 1 ; : : : ; i k + 1; : : : ; i U ).
ClearlyC(I 0) ¸ T andd(I 0; J ) < d. Let I 00= (i 1 ¡ 1; : : : ; i k + 1; : : : ; i U ),
thend(I 00; J ) < d.

If C(I 00) < T , thenI 1 = I 0 andI 1 2 A. If C(I 00) ¸ T , thenI 1 = I 00

andI 1 2 A.
CASE I I I: i 1 = j 1

Findsmallestk s.t. i k 6= j k . Wecannow useCaseI or CaseII.
By induction,wecan�nd aconnectedpathfrom I to J .

3 SliceAlgorithms
Set

V+ = f P 2 V j x i (P ) · x i +1 (P ); i = 1; : : : ; u ¡ 1g

where,
x i (P ) = i th coordinateof P:

De�nition 3.1. Let < X > beanoperatorthatgeneratesall permutationsof
X .

Example3.1.

< (1; 2; 3) > = f (1; 2; 3); (1; 3; 2); (2; 1; 3); (2; 3; 1); (3; 1; 2); (3; 2; 1)g

< f (1; 2); (2; 3)g > = f (1; 2); (2; 1); (2; 3); (3; 2)g

Hence,< V+ > = V .

De�nition 3.2. Wede�ne a `bar' map

: V ! V+

P ! P

with P is obtainedby rearrangingcoordinatesof P in anascendingorder.

Lemma 3.1. For anyP 2 V , thecardinality of thesetf Q 2 V j Q = Pg

is

Ã
u

r 1 ; : : : ; r s

!

where,

r 1 = repetitionof x1(P )

r 2 = repetitionof x1+ r 1 (P )

r 3 = repetitionof x1+ r 1 + r 2 (P )

: : :

Proof. Seesecondparagraphonpage16 in [4].
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Example3.2. Let V = f (i 1 ; i 2 ; i 3 ; i 4) j 1 · i j · 4g, andP = (1; 2; 1; 3).
ThenP = (1; 1; 2; 3) andr 1 = 2; r 2 = 1; r 3 = 1, and

¯
¯f Q 2 V j Q = Pg

¯
¯ =

Ã
4

2; 1; 1

!

=
4!

2!1!1!
= 12:

De�nition 3.3. Sliceanchor pointsareelementsof A + = A
T

V+ , where
A is thesetof anchorpoints.

It is clearthat< A+ > = A.

De�nition 3.4. Multinomial

Ã
u

r 1 ; : : : ; r s

!

for Q = (r 1 ; : : : ; r s ) is called

thepermutationdegree(p-degree)of Q.

Lemma 3.2. SupposeQ1 ; Q2 2 V+ are such that x i (Q1) · x i (Q2), 1 ·
i · U andC(Q1) < T , C(Q2) ¸ T . Thenthere existsP 2 A+ , such that
x i (Q1) · x i (P ) · x i (Q2).

Proof. We useinductionon m =
UX

i =1

[x i (Q2) ¡ x i (Q1)]. If m = 1, then

Q2 2 A+ and we are done. Supposej is a maximumindex such that
x j (Q1) 6= x j (Q2). Set Q = (x1(Q1); : : : ; x j (Q1) + 1; : : : ; xU (Q1)) .
Now,

x j (Q1) < x j (Q2) · x j +1 (Q2) = x j +1 (Q1)

x j (Q1) + 1 · x j +1 (Q1)

x j (Q) · x j +1 (Q); hence,Q 2 V+

If C(Q) ¸ T , thenQ 2 A+ . If C(Q) < T , thensince

uX

i =1

[x i (Q2) ¡ x i (Q1)] ·
uX

i =1

[x i (Q2) ¡ x i (Q)] + 1

by inductionthereexistsaP 2 A + with requiredproperty.

Lemma 3.3. Suppose(a1 ; : : : ; ar ; : : : ; aU ) 2 A+ hasthe following prop-
erty:

ar = max f x r (P ) j x i (P ) = ai ; i = 1; : : : ; r ¡ 1; P 2 A+ g

Thenfor anyQ 2 V+ , such that,

x i (Q) = ai ; 1 · i < r and,

x r (Q) > ar ;

C(Q) > T .
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Proof. Suppose(a1 ; : : : ; ar ; : : : ; aU ) 2 A+ hadthe propertygiven in the
hypothesisand(b1 ; : : : ; bU ) 2 V+ with ai = bi for 1 · i < r andbr > ar .
Weclaim thatC(b1 ; : : : ; bU ) ¸ T .

We prove this by contradiction.SupposeC(b1 ; : : : ; bU ) < T . SetQ =
(a1 ; : : : ; ar ¡ 1 ; br ; cr +1 ; : : : ; cU ) with ci = max(ai ; bi ), r + 1 · i · U.
Notethatbr = max(ar ; br ) · max(ar +1 ; br +1 ) sincear · ar +1 andbr ·
br +1 . ThusQ 2 V+ . Further, x i (Q) ¸ bi 8i andC(Q) ¸ C(a1 ; : : : ; aU ) ¸
T . Henceby Lemma3.2, thereexist P 2 A + with x i (Q) ¸ x i (P ) ¸ bi .
But for 1 · i < r , x i (Q) = bi = ai andx r (Q) = br . Thuswe have an
anchorpoint P with x i (P ) = ai , 1 · i < r andx r (P ) > ar . This is a
contradiction.ThuswemusthaveC(b1 ; : : : ; br ) ¸ T .

Conversely,

Lemma 3.4. For any Q 2 f V+ n A+ g with C(Q) > T , there exists
(a1 ; : : : ; ar ; : : : ; aU ) 2 A+ , such that,

x i (Q) = ai ; 1 · i · r ¡ 1 and,

x r (Q) > ar :

Proof. Suppose(b1 ; : : : ; bU ) 2 f V+ n A+ g with C(b1 ; : : : ; bU ) ¸ T .
Chooseapoint (a1 ; : : : ; ar ; : : : ; aU ) 2 A+ suchthatr is amaximumindex
suchthatai = bi , 1 · i < r andar 6= br .Thisconditionis vacuousif r = 1.
Weclaimar < br .

We prove by contradiction. Supposear > br . Set Q = (a1 ; : : : ;
ar ¡ 1 ; br ; cr +1 ; : : : ; cU ) with ci = min(ai ; bi ). It is easyto show that
Q 2 V+ . SinceC(Q) · C(a1 ; : : : ; aU ), for any j ,

C(x i (Q); : : : ; x j (Q) ¡ 1; : : : ; xU (Q)) · C(a1 ; : : : ; aj ¡ 1; : : : ; aU )

If (a1 ; : : : ; aU ) 2 A+ , thenthereexistsj suchthatC(a1 ; : : : ; aj ¡ 1; : : : ; aU ) <
T byde�nition of anchorpoint. Hence,C(x i (Q); : : : ; x j (Q)¡ 1; : : : ; xU (Q)) <
T . Thusif C(Q) ¸ T , thenQ is ananchorpoint,whichcontradictsthemin-
imality of r . ThusC(Q) < T . Also x i (Q) · bi . Now we useLemma3.2
to �nd P 2 A+ , suchthatx i (Q) · x i (P ) · bi . Sincex i (Q) = bi = ai ,
1 · i · r andx r (Q) = br , we foundP 2 A+ suchthatx i (P ) = bi for
1 · i · r . This violatesthe maximality of (a1 ; : : : ; aU ). Thuswe must
havear < br .

De�nition 3.5. Let (a1 ; : : : ; ar ; : : : ; aU ) 2 A+ beananchorpointof Lemma3.3.
Consider,

¿(a1 ; : : : ; ar ) = f P 2 V j x i (P ) = ai ; 1 · i < r ; andx r (P ) > ar g

Lemma 3.5. SupposeP1 ; P2 2 A+ aresuch that,

x r (P1) = maxf x r (Q) j x i (Q) = x i (P1); 1 · i < r ; Q 2 A+ g

xs (P2) = maxf xs (Q) j x i (Q) = x i (P2); 1 · i < s; Q 2 A+ g

Then¿(x1(P1); : : : ; x r (P1)) and¿(x1(P2); : : : ; xs (P2)) aredisjointor iden-
tical.
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Proof. Wewill show thatif (c1 ; : : : ; cU ) is in,

¿(x1(P1); : : : ; x r (P1))
\

¿(x1(P2); : : : ; xs (P2))

thenx i (P1) = x i (P2) for r = s and1 · i · r .
We canassumethat r · s. If r < s, thenwe have x r (P1) ¸ x r (P2)

sincex i (P1) = x i (P2) = ci for 1 · i < r . However by Lemma3.4 we
know thatx r (P1) < cr = x r (P2). This is a contradiction.Hencewe must
have r = s andx r (P1) = x r (P2).

To �nd suitable(a1 ; : : : ; ar ) of lemma3.5,we make useof lemmas3.3
and3.4. We make groupsin A + of all the anchorpointswith �rst r ¡ 1
coordinatesequalto a1 ; : : : ; ar ¡ 1 andchoose(a1 ; : : : ; ar ) with maximum
r th coordinatear . SupposeX denotesthesetof all such(a1 ; : : : ; ar ). Al-
gorithm1 is designto �nd X .

Now it is clearfrom lemma3.5that

f Q 2 V+ j C(Q) ¸ Tg ´ A+

:[

X

¿(a1 ; : : : ; ar )

wheretheunionis disjoint. If we write < Y > =
S

P 2 Y < P > for any set
Y , thenthis impliesthat

f Q 2 V j C(Q) ¸ Tg ´ < A+ >
:[

X

< ¿(a1 ; : : : ; ar ) >

Therefore

jf Q 2 V j C(Q) ¸ Tgj = j< A+ > j +
X

X

j< ¿(a1 ; : : : ; ar ) > j :

OnceA+ is foundWe apply lemma3.1 to �nd j < A + > j. It remainsto
�nd thecardinalityj < ¿(a1 ; : : : ; ar ) > j. Beforecomputingthat,wede�ne
someterms:

Recallthata partitionE of a positive integeru is a sequences1 ; : : : sm

of positive integerssuchthat
P

i si = u [4]. We will denotea partitionof u
by E = ®p1

1 ; ®p2
2 : : : ®p r

r , if ®i is repeatedpi times,1 · i · r . For example
(1,1,1,2), a partition of 5 is denotedas1321 . The setof partitionsof u is
denoteby X u . In next lemmawe assume

¡ L
0;m 1 ;::: ;m k

¢
=

¡ L
m 1 ;::: ;m k ;0

¢
=

¡ L
m 1 ;::: ;m k

¢

Lemma 3.6. Cardinality of < ¿(a1 ; : : : ; ar ) > is

X

E = ¯
p 1
1 ;::: ¯ p r

r 2 X u ; E n · k

Ã
U

®1 ; : : : ; ®s ; ¯ 1 ; ¯ 1| {z }
p1

: : : ; ¯ t ; ¯ t| {z }
p t

!Ã
k

En

!Ã
En

p1 : : : ; pt

!
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whereu = U ¡ r ¡ 1, En =
P

pi for anyE = ®p1
1 ; : : : ®p r

r ,

®1 = repetitionof a1

®2 = repetitionof a1+ ®1

®3 = repetitionof a1+ ®1 + ®2

: : :

®s = repetitionof ar ¡ 1 :

andwhenr = 1 weassume® = 0

Proof. Let E = ¯ p1
1 ; : : : ; ¯ p t

t beany partitionof u. Thenfor any choiceof
En valuesb1 < : : : < bE n from f ar + 1; : : : ; ng let
P = (a1 ; : : : ; ar ¡ 1 ; b1 ; b1 : : :

| {z }
¯ 1

: : : bE n ; bE n : : :
| {z }

¯ t

) whereeachof b1 ; : : : bp1 are

repeated̄ 1 times,eachof bp1 +1 ; : : : bp2 arerepeated̄ 2 timesandsoon. By
lemma3.3and3.4,P 2 ¿(a1 ; : : : ; ar ). Now by lemma3.1

j < P > j =
¡ U

®1 ;::: ;® s ;¯ 1 ; ¯ 1| {z }
p 1

::: ;¯ t ; ¯ t| {z }
p t

¢
.

Sincethecardinalityof f ar + 1; : : : ; ng is k, thereare
¡ k

E n

¢
choicesfor

bi ,
If we write partitionE = ¯ p1

1 ; : : : ; ¯ p t
t as¯ p1 ¡ l

1 ; ¯ l
1 ; ¯ p2

1 ; : : : ; ¯ p t
t and

follow the sameprocedure,we get pointsof ¿(a1 ; : : : ; ar ) Now thereare¡ E n
p1 :::;p t

¢
wayswe canrearrangea partitionE . Puttingall thesetogetherwe

getour formula.

Example3.3. Considercosts[2; 3; 4; 9; 12]with n = 5, U = 3 andT = 10.
A+ = f (1; 1; 4); (1; 2; 4); (1; 3; 3)(2; 2; 3)g: To constructX we start

with (1; 1) and recordit. Sincewith 4 is the maximumthird coordinate,
(1:1; 4) 2 X . ThiswaywegetX = f (1; 1; 4); (1; 2; 4); (1; 3; 3); (2; 2; 3); (1; 3); (2; 2); (2)g:

We �rst calculatej < ¿(1:1:4) > j: U = 3, n = 5 k = 5 ¡ 4 = 1,
u = 3 ¡ 3 + 1 = 1 andX 1 = f 11g. Therefore,

j < ¿(1; 1; 4) > j =
¡ 3

2 1

¢¡ 1
1

¢¡1
1

¢
= 3.

Similar calculationsshow that
j < ¿(1; 2; 4) > j =

¡ 3
1 1 1

¢¡1
1

¢¡1
1

¢
= 6

j < ¿(1; 3; 3) > j =
¡ 3

1 1 1

¢¡2
1

¢¡1
1

¢
= 12

j < ¿(2; 2; 3) > j =
¡ 3

2 1

¢¡ 2
1

¢¡1
1

¢
= 6

In thefollowing calculationsu = 2 andX 2 = f 12 ; 21g:
j < ¿(1; 3) > j =

¡ 3
1 1 1

¢¡2
2

¢¡2
2

¢
+

¡ 3
1 2

¢¡2
1

¢¡ 1
1

¢
= 12

j < ¿(2; 2) > j =
¡ 3

1 1 1

¢¡3
2

¢¡2
2

¢
+

¡ 3
1 2

¢¡3
1

¢¡ 1
1

¢
= 18 + 9 = 27

In thefollowing calculationu = 3 andX 2 = f 13 ; 11 21 ; 31g:
j < ¿(2) > j =

¡ 3
111

¢¡3
3

¢¡3
3

¢
+

¡ 3
1 2

¢¡3
2

¢¡ 2
1 1

¢
+

¡ 3
3

¢¡ 3
1

¢¡1
1

¢
= 6+ 18+ 3 =

27.
Further,
j < A+ > j = j < (1; 1; 4) > j + j < (1; 2; 4) > j + j < (1; 3; 3) >

j + j < (2; 2; 3) > j = 15
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Thereforejf P 2 V jC(P) ¸ 10gj = 3+ 6+ 12+ 6+ 12+ 27+ 27+ 15 =
108:

Thecomputationof theaboveexampleasdoneby thealgorithmsis illus-
tratedstep-by-stepin Section3.3.1.

3.1 Finding sliceanchor points
By Theorem2.6 we know that the set of anchorpoints is connectedand
from Theorem2.2 we know that they canbefoundby searchingneighbors.
Hence,a simplealgorithmcanbe designedto �nd all anchorpoints. Our
algorithmbeginsby searchingdiagonalpoints(all coordinatesareequal)and
their neighborsfor a “seed”anchorpoint,oncethatseedis foundwe simply
start looking at the seed's neighborsfor new anchorpoints. The neighbors
of the new anchorpointsarethensearchedin turn. This processcontinues
until all anchorsare found. While searchingfor neighbors,if we restrict
thesearchto neighborswith monotonicallyincreasingcoordinatevalues,we
are left with A+ , a set of slice anchorpoints (anotherset of slice anchor
pointscanbefoundby restrictingthesearchto neighborswith monotonically
decreasingcoordinatevalues).For sake of brevity we omit thedetailsof our
algorithmto �nd sliceanchorpoints

3.2 Counting Points in Slice
Anchors2PointsSlice(Algorithm 2) illustratesthealgorithmusedto compute
thepointswith cost¸ T in V usingonly A + . Thecountingprocessbegins

with the initial call to Anchors2PointsSlice(A + , n,
2

4
1 1
k U

3

5 ), wherek is

thecardinalityof A+ . Anchors2PointsSliceis awrapperaroundthemainAl-
gorithmAnchors2PointsSliceRecur(Algorithm3). Anchors2PointsSliceRecur
uses MakeGroups (Algorithm 1). The
Makegroupsalgorithmgeneratesrecursive“groups”within thelist of anchor
pointssuchthatthe�rst columnin everygeneratedgroupis identical.Theef-
fectof suchgroupingis thatwith eachlevel of recursivegroupingwereduce
adimensionof ourvirtual space.Thisprocessis illustratedin Figure2 where
groupsaregeneratedin the sequencer 6 ; r 5 ; : : : ; r 1 . Eachrecursive call to
MakeGroupsreturnssmallergroups. Eventually, when the groupsreacha
singlecolumn,Anchors2PointsSliceRecurbegins to returnandall counting
is donewhenAnchors2PointsSliceRecuris unrollingback.

Below aresomede�nitions andformulaeusedin thealgorithms.

De�nition 3.6. SupposepartU is a setof all the partitionsof U. For any
E 2 partU with E = sp1

1 sp2
2 : : : sp r

r wede�ne thefollowing constants:

En =
rX

i =1

pr (1)

mul tE =

Ã
En

p1 ; : : : ; pr

!

(2)

10



permE =

Ã
u

s1 ; s1 : : :
| {z }

p1

¢¢¢sr ; sr : : :
| {z }

p r

!

(3)

Let,

FU =
X

E 2 par t U

mul tE £ permE £ D F D F =
½

1 En = 1; 2
0 otherwise

(4)

RU =
X

E 2 par t U

mul tE £ permE £ D R D R =
½

1 En = 2; 3
0 otherwise

(5)

Qj ;E n =

8
>>>><

>>>>:

0 En < 3
1

(En ¡ 3)!
En = 3

1
(En ¡ 3)!

E n ¡ 4Y

m =0

(j ¡ En + 3 + m) otherwise

(6)

Algorithm 1 MakeGroups(A+ , r )
1: f A+ is thek £ U matrixof k lexicographicallysortedanchorpoints.g
2: f r is a 2 £ 2 matrix where[r s cs; r e ce] de�ne the upperleft handcorner

(r s; cs) and(r e;ce) de�ne the lower right handcornerof the spacein A+

within whichgroupsareto bemadeg
3: [r s cs; r e ce] ( r
4: r i ( r s
5: while r i · r e do
6: Record[r i cs+ 1] asbeginningof group
7: f e ( A+ (r i; cs+ 1)
8: while r i · r e do
9: if f e = A+ (r i; cs+ 1) then

10: r f ( r i
11: r i ( r 1 + 1
12: end if
13: endwhile
14: Record[r f ce] asendof group
15: endwhile
16: returnall groups

3.3 Examples
In thissectionweillustratethetechniqueof countingpointsusingtwo exam-
ples.

11



Algorithm 2 Anchors2PointsSlice(A+ , n, r )
1: f A+ is thek £ U matrixof k sliceanchorpointsg
2: f n is themaxvalueof any elementin ananchorpointg
3: f r is a 2 £ 2 matrix where[r s cs; r e ce] de�ne the upperleft handcorner

(r s; cs) and(r e;ce) de�ne the lower right handcornerof the spacein A+

thatis currentlybeingprocessedg
4: r esult = Anchor2PointsSliceRecur(A+ , n, r )
5: for all p, sliceanchorpoint in A+ do
6: r esult = r esult + permutationdegreeof p
7: end for
8: returnr esult

3.3.1 Example1

Considercosts[2; 3; 4; 9; 12] with U = 3 andT = 10. A + is obtainedusing
the proceduredescribedin Section3.1. The processbegins with a call to

Anchor2PointsSlice(A+ ; 4;
2

4
1 1
4 3

3

5 ), wherer s = 1, cs = 1, r e = 4,

ce = 3 and,

A+ =

2

6
6
4

1 1 4
1 2 4
1 3 3
2 2 3

3

7
7
5 :

In this initial call r e = 4 is thenumberof sliceanchorpointsandce = 3 is
U. Eachrow of A+ is thevectorfor asliceanchorpoint. Figure2 shows the
countingof pointsusingthe slice anchorpoints in A + . The makegr oups
algorithm generatesrecursive groupswithin the list of slice anchorpoints
suchthat the �rst columnin every generatedgroupis identical. The effect
of suchgroupingis that with eachlevel of recursive groupingwe reducea
dimensionof thevirtual space.

ForeachgroupreturnedbyMakeGroups, Anchors2PointsSliceRecurcom-
putesr p in line 21. Wenow show thecomputationof r p1 ; : : : ; r p7 .

Computing r p1

Here,f emax = 4; u = 1; k = 0; partu = f 11g. Now for eachE 2 partu

we evaluatemul tE (Equation(2)) andpermE (Equation(3)). For E = 11 ,
En = 1 (Equation(1)) and,

mul tE =

Ã
1
1

!

permE =

Ã
1
1

!

12



Algorithm 3 Anchors2PointsSliceRecur(A+ , n, r )
1: f A+ is thek £ U matrixof k sliceanchorpointsg
2: f n is themaxvalueof any elementin ananchorpointg
3: f r is a 2 £ 2 matrix where[r s cs; r e ce] de�ne the upperleft handcorner

(r s; cs) and(r e;ce) de�ne the lower right handcornerof the spacein A+

thatis currentlybeingprocessedg
4: f If the�nal valueof a summationvariableis smallerthanits initial value,let

thatsummationbezero.g
5: if S is emptythen
6: return0
7: end if
8: [r s cs; r e ce] ( r
9: if ce> cs then

10: r 1 = makegr oups(S; r )
11: for all r i suchthatr i is a2 £ 2 groupspeci�cationin r 1 do
12: r esult = r esult + Anchor s2PointsS l iceRecur(A+ ; n; r i )
13: end for
14: end if
15: f emax = max(csth columnfrom rows r s to r e in A+ )
16: u = ce¡ cs+ 1
17: k = n ¡ f emax ¡ 1
18: f Fu ; Ru andQj ;E n below arefrom Equation(4), (5) and(6) respectively.g
19:

f sum = 1 + kFu +
(k ¡ 1)k

2
Ru +

X

E 2 par t U

2

4mul tE £ permE £
k ¡ 1X

j =2

µ
(k ¡ j )(k + 1 ¡ j )

2
Qj ;E n

¶
3

5

20: d = denominator of multinomial coef�cient of
A+ (r e;1); A+ (r e;2); : : : ; A+ (r e;cs ¡ 1)

21: r p =
U!

d £ u!
£ f sum

22: returnr esult + r p

13



HenceusingEquation(4),

F1 = (1 £ 1 £ 1) = 1 (7)

Similarly usingEquation(5),

R1 = (1 £ 1 £ 0) = 0 (8)

Hencefrom Anchors2PointsSliceRecurline 19

f sum = 1 + 0 + 0 + 0 (9)

The last term in Equation(9) is 0 sincein that term the �nal conditionof
the summation(¡ 1) is lessthat the initial value (2). In line 20, d is the
denominatorof themultinomialcoef�cient of 1,1,which is thedenominator

of

Ã
2
2

!

. Henced = 2! FromAnchors2PointsSliceRecurline 21

r p1 =
3!

2!1!
f sum = 3

Computing r p2

Similar to r p1 , heref emax = 4; u = 1; k = 0; partu = f 11g. However,
d = 1!1!. Hence,

r p2 =
3!

1!1!!1!
f sum = 6

Computing r p3

Here, f emax = 3; u = 1; k = 1; partu = f 11g. mul tE and permE

identicalr p1 .
f sum = 1 + 1 + 0 + 0 (10)

Hence,

r p3 =
3!

1!1!1!
f sum = 12

Computing r p4

Thiscomputationis similar to r p3 exceptthatd = 2!. Hence,

r p4 =
3!

2!1!
f sum = 6

Computing r p5

In this case,f emax = 3; u = 2; k = 1; partu = f 12 ; 21g andd = 1!.
Sincetherearetwo paritionsof u,

F2 =

" Ã
2
2

!Ã
2

1; 1

!

1

#

+

"Ã
1
1

! Ã
2
2

!

1

#

= 3 (11)
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R2 =

"Ã
1
1

! Ã
2

1; 1

!

1

#

+

" Ã
1
1

!Ã
2
1

!

0

#

= 2 (12)

Hence,
f sum = 1 + 1 ¢3 + 0 ¢2 + 0 = 4

r p5 =
3!

1!2!
f sum = 12

Computing r p6

Here,f emax = 2; u = 2; k = 2; partu = f 12 ; 21g andd = 1!. Using
Equations(11)and(12),

f sum = 1 + 2 ¢3 + 1 ¢2 + 0 = 9 (13)

Hence,

r p6 =
3!

1!2!
f sum = 27

Computing r p7

Finally, heref emax = 2; u = 3; k = 2; partu = 13 ; 1121 ; 31 andd = 1!.
So,

F3 =

"Ã
3
3

! Ã
3

1; 1; 1

!

0

#

+

" Ã
2

1; 1

!Ã
3

1; 1

!

1

#

+

" Ã
1
1

! Ã
3
3

!

1

#

= 7 (14)

R3 =

" Ã
3
3

!Ã
3

1; 1; 1

!

1

#

+

"Ã
2

1; 1

! Ã
3

1; 1

!

1

#

+

"Ã
1
1

!Ã
3
3

!

0

#

= 12

(15)
f sum = 1 + 2 ¢7 + 1 ¢12 + 0 = 27

Hence,

r p7 =
3!

1!3!
f sum = 27

Line 4 in Algorithm 2 returnsthe sum of all r pi , 1 · i · 7 and in
line 6, thep-degreeof eachsliceanchorpoint is added.Theoverall number
of points¸ T , 108, is returnedin line 8. Thep-degreeof eachpoint in A +

is shown in therightmostcolumnin Figure2.
We canseethat Equations(4) and(5) areindependentof k andcanbe

reusedin computingr p of acolumnfrom Figure2

3.3.2 Example2

Now, we presentanotherexamplesimilar to that in Section3.3.1,but with
T = 8. This examplehasfewer slice anchorpointsandexercisescomputa-
tion of Qj ;E n (Equation(6)). Figure3 illustratesthiscomputation.
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1 1 4 r p1

1 2 4 r p2 r p5

1 3 3 r p3

2 2 3 r p4 r p6

r p7

Totals: 27 + 39 + 27 + 15 = 108

A+ 3r d axis 2nd axis 1st axis permsof slicea.ps.g g g

3

6

3

3

Figure2: IllustratingAlgorithm 2, for Example1

Considercosts[2; 3; 4; 9; 12] with U = 3 andT = 8. Theprocessbegins

with acall to Anchor2PointsSlice(A + ; 2;
2

4
1 1
2 3

3

5 ),where

A+ =
2

4
1 1 3
1 2 2

3

5 :

Computing r p1

Here,f emax = 3, u = 1, k = 1, partu = f 11g. f sum in this caseis
identicalto Equation(9). Hence,

r p1 =
3!

2!1!
f sum = 6

Computing r p2

Here, f emax = 2, u = 1, k = 2, partu = f 11g and f sum is again
identicalto Equation(9). Hence,

r p2 =
3

1!1!1!
f sum = 18

Computing r p3

Here,f emax = 2, u = 2, k = 2, partu = f 12 ; 21g andf sum is identical
to Equation(13). Hence,

r p3 =
3!

1!2!
f sum = 27
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1 1 3 r p1

1 2 2 r p2
r p3 r p4

Totals: 24 + 27 + 64 + 6 = 121

A+ 3r d axis 2nd axis 1st axis permsof slicea.ps.g g g

3

3

Figure3: IllustratingAlgorithm 2, for Example2

Computing r p4

Here,f emax = 1, u = 3, k = 3, partu = f 13 ; 1121 ; 31g. UsingF3 and
R3 from Equations(14)and(15) respectively,

f sum = 1 + 3 ¢7 + 3 ¢12 +

(Ã
3
3

!Ã
3

1; 1; 1

! ·
(3 ¡ 2)(3 + 1 ¡ 2)

2
1

(3 ¡ 3)!

¸ )

+

( Ã
2

1; 1

!Ã
3

1; 2

! ·
(3 ¡ 2)(3 + 1 ¡ 2)

2
¢0

¸ )

+

( Ã
1
1

!Ã
3
3

! ·
(3 ¡ 2)(3 + 1 ¡ 2)

2
¢0

¸ )

= 1 + 21 + 36 + 6 + 0 + 0

= 64

Hence,

r p4 =
3!
3!

f sum = 64

The rightmostcolumnof Figure3 shows the p-degreeof eachpoint in
A+ . Adding up all r pi , 1 · i · 4 andthep-degrees,give us121,thetotal
numberof pointswith cost¸ 8.

4 Complexity
Thecomputationalcomplexity of Anchors2PointsSliceRecuris dominatedby
line 19. Both FU andRU requiresthecomputationof all unrestrictedpari-
tionsof U. Thenumberof unrestrictedparitionsof U, P (U) is givenby [2]
as

P(U) ¼
e2¼

p
2U =3

4U
p

3
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Assumingthateachparitionscanbegeneratedin constanttime, sinceU! =
O(UU ) thecomplexity of line 19 in Anchors2PointsSliceRecuris

= O

Ã

U
e2¼

p
2U =3

4U
p

3

!

+

"

O

Ã
e2¼

p
2U =3

4U
p

3

!

(UnO(UU ))

#

= O(nU U e2¼
p

2U =3) (16)

A+ hasfewerpointsthanA by a factorof U! hencein theworstcasethe

numberof anchorpointsis a = U ( n ¡ 1) ( U ¡ 1)

O ( U U ) .
Theoverall complexity with constantU andworstcasea,

= O
µ

n log n +
U(n ¡ 1)2( U ¡ 1)

U2U
+ n

¶

= O(n2U ) (17)

Hencetheasymptoticcomplexity doesnotchange.This is to beexpected
sincethereductionis basedonU andwe let U betheconstant.

However, with constantn, theoverallworstcasecomplexity is,

= O

0

B
B
@

U3 +
U(n ¡ 1)( U ¡ 1)

UU
3U U2 +

U2(n ¡ 1)2( U ¡ 1)

U2U
+

U(n ¡ 1)( U ¡ 1)

UU
U log

µ
U(n ¡ 1)( U ¡ 1) U

UU
)
¶

+ nU U e2¼
p

2U =3

1

C
C
A

= O
µ

n2U

U2U

¶
(18)

4.1 Comparisonwith Brute ForceMethod
Thebruteforcemethodis onein whichwetesteachpoint in V for ¸ T . The
complexity of thisapproachis alwaysO(UnU ). Wecanconcludethatwhile
in theworstcase(Equations(18)and(17))ouralgorithmsexhibit worsescal-
ability thanbruteforce whereasin the bestcasewe do signi�cantly better.
Our future work will includean averagecasecomplexity analysisin which
wehopeto show thatourapproachworksmuchbetterthanbruteforcein the
averagecase. This is primarily becausethe worst case,asoutlinedabove,
occursonly for averynarrow rangeof T .

4.2 Comparisonwith GeneratingFunctions
A classicmethodof countingpoints in the U-dimensionalspaceis using
generatingfunctions. Thoughour problemrequirescountingpoints ¸ T ,
whenusinggeneratingfunctionsit is easierto calculatepoints· T , so that
is whatwewill do in thissection.Webegin with explainingthismethodand
thencompareit with ouralgorithms.
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Let thecostsbe[1; 2; 5], U = 2 andT = 3. This �rst stepis to createa
generatingfunctionfor each axisfrom thecosts.Sucha generatingfunction
is,

g(x) = x + x2 + x5 (19)

Sincetherearetwo suchaxeswe multiply thegeneratingfunctiontwice
anddivide theresultby (1 ¡ x) [1] in orderto accumulatecoef�cients. We
thendifferentiatethe resultT times,evaluateat x = 0 anddivide by T ! to
get thenumberwe want. Multiplying generatingfunctionshadtheeffect of
creatingamultinomialexpansionof thegeneratingfunction.Suchanexpan-
sionhasthepropertythatfor eachtermin theexpansion,thecoef�cient of a
giventermin x happensto bethenumberof waysto gettheexponentof that
x. Multiplying thegeneratingfunctionby 1

1¡ x hastheeffect of accumulat-
ing coef�cients [1]. Now, in orderto getthecoef�cient of thex termwith an
exponentof T wedifferentiateT times.Wethenevaluatetheresultat x = 0
to cancelall termswith exponentsgreaterthanT . Finally to negatetheeffect
of repeatedderivative on thecoef�cient of x we divide theendresultby T !.
Henceweevaluate,

N =
dT

dxT

(x + x2 + x5)2

1 ¡ x

¸

x =0

1
T !

(20)

=
d3

dx3

(x + x2 + x5)2

1 ¡ x

¸

x =0

1
3!

= 3

We cannow saythatthereare3 waysthatT · 3, they are(1; 1), (1; 2),
(2; 1). Equivalentlythereare6 = 32 ¡ 3 wayssuchthatthesumis ¸ 4. So,
therequiredprobabilityof T ¸ 4 is 6

9 = 0:66. Therearetwo computation-
ally expensive stepsin theevaluationof Equation(20): EvaluatingtheT th

derivative andcomputingT !. We will now look at how we caneliminateor
reduceoneor bothof thesesteps.

If we try to preventexplicit computationof T ! we mustcompute dT

dx T in

T steps, d
dx ; d2

dx 2 ; : : : ; dT

dx T andateachstepdividetheresultby n; n ¡ 1; n ¡

2; : : : ; 1 . Divisionof dT

dx T by T ! or divisionof eachsuccessivederivativeby
n; n ¡ 1; n ¡ 2; : : : is requiredto cancelthe effect of multiplication of the
coef�cient of x by it' sexponentin eachsuccessivederivative.

If we try to preventsuccessive computationof derivativesthenwe must
computeT !. While thegammafunction¡( T ) =

R1
0 xT e¡ x dx canbeused

to exactly calculateT !, T ! = ¡( T + 1), it involvesat leastT integration
steps. An approximationto T ! canbe obtainedusingT or fewer stepsby
usingSterling's approximationasT ! ¼

p
2¼T

¡
T
e

¢T
. In eithercase,the

factorialvalueis large for evenmodestvaluesof T , for example,100! con-
tains158digits. GiventhatT representsthesumof costs,�nding thefactorial
is constrainedto coststhatcanbehandledby theprecisionof thesystemon
whichthecomputationis beingcarriedout. It is unlikely thatmostcommonly
usedgeneral-purposesystemswill beableto computethe factorialof large
costvalues(in theorderto severalhundredsor thousands)withoutover�ow.

19



Hencewe cannoteliminateboth thesecomputationallyintensive steps
simultaneously. So thechoiceis between�nding theT th derivative, oneat
a time or calculatingT !. Both of thesearechoicesseverelyconstrainusing
thisgeneratingfunctionstechniquefor largevaluesof T (severalhundredsor
thousands).

Thoughthecomputationalrequirementof this methodis sensitive to T ,
it is fairly immuneto U, thenumberof users.This is thecasesincein Equa-
tion (20), U is the exponentof the generatingfunction anddoesnot affect
the computationaleffort to �nd a derivative. Herewe canseea substantial
reductionin complexity dueto the slice algorithms. ShenandMarston[3]
considerarestrictedcaseof ourproblemwith usualdieconsistingof sequen-
tially numberedfacevalues(costs).Their techniquesarebasedmultinomial
expansionsandthey claima runningtimeof O(U2 ; n2). Thepaperdoesnot
giveany detailsof thedynamicprogrammingused.

All algorithmsdescribedin ourpaperareavailableasMATLAB TMcode.
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